
See	discussions,	stats,	and	author	profiles	for	this	publication	at:	https://www.researchgate.net/publication/305369198

Reactionless	Maneuvering	of	a	Space	Robot	in
Precapture	Phase

Article		in		Journal	of	Guidance	Control	and	Dynamics	·	July	2016

DOI:	10.2514/1.G001828

CITATIONS

0

READS

31

5	authors,	including:

S.	V.	Shah

Indian	Institute	of	Technology	Jodhpur

42	PUBLICATIONS			68	CITATIONS			

SEE	PROFILE

Madhava	Krishna

International	Institute	of	Information	Techno…

162	PUBLICATIONS			535	CITATIONS			

SEE	PROFILE

A.	K.	Misra

McGill	University

253	PUBLICATIONS			2,224	CITATIONS			

SEE	PROFILE

All	content	following	this	page	was	uploaded	by	S.	V.	Shah	on	15	December	2016.

The	user	has	requested	enhancement	of	the	downloaded	file.	All	in-text	references	underlined	in	blue	are	added	to	the	original	document

and	are	linked	to	publications	on	ResearchGate,	letting	you	access	and	read	them	immediately.

https://www.researchgate.net/publication/305369198_Reactionless_Maneuvering_of_a_Space_Robot_in_Precapture_Phase?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/305369198_Reactionless_Maneuvering_of_a_Space_Robot_in_Precapture_Phase?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/S_Shah?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/S_Shah?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Indian_Institute_of_Technology_Jodhpur?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/S_Shah?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Madhava_Krishna?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Madhava_Krishna?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/International_Institute_of_Information_Technology_Hyderabad?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Madhava_Krishna?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/A_Misra?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/A_Misra?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/McGill_University?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/A_Misra?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/S_Shah?enrichId=rgreq-c04e8e30dbb3e040ba1965d3b75cb07d-XXX&enrichSource=Y292ZXJQYWdlOzMwNTM2OTE5ODtBUzo0Mzk0NDQ0NTgyMTc0NzJAMTQ4MTc4MzEzMTI0NA%3D%3D&el=1_x_10&_esc=publicationCoverPdf


Reactionless Maneuvering of a Space Robot in

Precapture Phase

Francis James1, Suril V. Shah2, Arun K. Singh3, K. Madhava Krishna4, and Arun K. Misra5

I. Introduction

Space robots can be used to perform several on-orbit tasks such as capturing space debris,

servicing of satellites and refuelling. The proliferation of satellites as well as growing interest in

debris capture makes it necessary to have robots that can perform these tasks autonomously [1].

The dynamics of robots in space di�er from that of a grounded robot. The coupling of the

arms and the base of a space robot creates reaction forces and moments on the base whenever

the arms execute a maneuver, causing the base to rotate and translate in accordance with the

laws of conservation of linear and angular momenta. However, it is generally desirable to keep the

attitude of the base �xed relative to the sun and the earth (or other bodies) for navigation and

communication purposes, or to maintain the target in the �eld of view of the sensors. A change

in celestial orientation may also result in loss of communication with the data relay satellite or the

ground station. While attitude control using thrusters may be used, such operations consume fuel

which is mainly reserved for orbital maneuvers. It has also been shown that manipulation without

the use of attitude controllers is more robust [2]. The translation of the base however, does not

pose signi�cant side e�ects [3]. Hence, researchers have focused on robotic manipulation with zero

or minimal change in attitude, which is termed reactionless manipulation [4].

The capture of objects for servicing or of tumbling targets such as debris is divided into di�erent
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phases, namely the precapture, contact, post capture and compound stabilization [5]. This work

focuses on reactionless manipulation of a space robot in the precapture phase. Each link of the

robotic system is referenced by an index i, where index i = 0 corresponds to the base. The objective

of a reactionless maneuver is to intercept an object by ensuring that the end-e�ectors reach a desired

position with a desired velocity at a speci�ed time. However, in the absence of thrusters for control,

the non-integrability of the angular momentum makes the system nonholonomic. This complicates

the planning and control of such systems [2].

Early strategies for zero reaction maneuvers have been tested on the single arm ETS VII space

robot [6] to show their feasibility. This forms a seminal work that uses the concept of Reaction Null

Space (RNS). RNS based methods have also been used in other works [7�9]. Apart from the ETS

VII experiment, some experiments have also been conducted on parabolic �ights [10] wherein the

yaw angle of the base was controlled. Coordinate partitioning [11] o�ers an elegant solution for path

planning using dependent variables which allows for planning using polynomials. However, both the

RNS based method and Coordinate partitioning su�er from algorithmic singularities [12] when an

end-e�ector trajectory is followed while maintaining constant attitude. These singularities are hard

to predict and occur frequently enough to be a cause for concern. Other methods such as creating

a disturbance map [13] have also been used to control attitude disturbances. Smooth planning

using polynomials to control the con�guration of the arms as well as the base was proposed in [14],

but this method controls the orientation of the base only at the initial and �nal time and hence,

can cause large base attitude disturbances during the maneuver. Recently, adaptive methods for

reactionless manipulation have been developed [15] [8], however, these works focus on post-capture

and do not specify a method to plan motion for the approach phase. Detumbling operations have

been presented in [16] which are useful either after capture of an uncontrolled tumbling object or

before the capture operation begins if the �oating base system is spinning. Using intermediate

points for reactionless manipulation, [9] has succeeded in avoiding singularities, but a systematic

framework for selecting these points has not been provided. Yet another method focuses on using

local optimization techniques where algorithmic singularities are avoided indirectly by introducing

joint acceleration limits [17]. However, it may fail to �nd a path when the attitude disturbance is
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strictly set to zero even when there is redundancy.

This paper presents a method that can be used to capture the target at the speci�ed time

while avoiding algorithmic as well as Jacobian singularities for a system that starts from rest. This

method could alternatively be used to �nd a suitable initial con�guration for a given desired motion

state. Here, we de�ne the motion state of the robot as the position and velocity of a point on

the base as well as the joint positions and velocities of the arms. It allows additional constraints

such as limits on angles, acceleration and jerk to be satis�ed while avoiding collisions as well. The

framework proceeds in two parts. In the �rst part, a reactionless trajectory is computed between

the given start and the goal state by using Rapidly exploring Random Trees (RRT) [18] with control

based sampling in which an optimization problem is solved for determining the control inputs. The

objective function acts as a control equation that helps in biasing when a reverse time simulation

[19] is performed. In most cases, this biasing is key to reducing the time required to �nd a solution.

The constraints that must be satis�ed while computing the �nal motion state are also described.

The combination of these techniques for planning forms one of the contributions of this work.

In the second stage, the �nal time constraint is imposed by subjecting the obtained reaction-

less trajectory to a time scaling transformation. The temporal pro�le of the trajectory is scaled

nonlinearly, thus changing the velocity and its derivatives along a geometric path to meet the time

constraints. The time scaling transformation used is built on our earlier work on non-linear time

scaling [20]. However in contrast to this cited work, we modify the de�nition of the time scaling

function and describe a method for choosing its parameters. The proposed time scaling can be ap-

plied to any geometric path where the velocities ẋ follow a constraint equation of the form Aẋ = 0

or Aẋ ≤ c, where A is a matrix and c is a vector. Since this is not speci�c to a space system, this

forms another, perhaps more widely applicable contribution of this work.

A. Basic Assumptions

The method assumes that the whole system starts from rest, the desired motion state with

which to capture a target is known, and that a reactionless path between the initial and desired

�nal motion states of the robot exists.
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II. Mathematical Preliminaries: Reactionless Manipulation

For an n Degrees-Of-Freedom (n-DOF) manipulator arm mounted on a �oating-base, the an-

gular momentum (l) can be written as [6]

l = Ĩbω0 + Ĩbmθ̇ + r0 × p. (1)

where Ĩbmθ̇ is the coupling angular momentum, ω0 is the angular velocity of the base, r0 is the

position of the Centre of Mass (COM) or �xed point of the base and p is the linear momentum.

The constraint for reactionless manipulation can then be obtained by substituting ω0 = 0 in (1). If

the system starts from rest, l = p = 0. This results in

Ĩbmθ̇ = 0. (2)

Even though the method presented in this work uses planning in joint space, the desired state

is often speci�ed in terms of the end-e�ectors' position and velocity at the instant of capture. The

Generalized Jacobian Matrix (GJM) is used in order to obtain the joint velocities that correspond

to the end-e�ector velocities (te) at the instant of capture [21], i.e.,

te = Jgθ̇, where Jg =
(
Jme − JbeI−1b Ibm

)
. (3)

In (3), Jg ∈ Rm×n is the GJM, and Jbe and Jme are the Jacobian matrices for the base

and manipulator, respectively. Jg has a similar interpretation to the Jacobian (Jme) of an earth-

based robot. However, Jg contains additional inertia terms associated with the system's dynamics.

Using (3), the joint velocities are obtained as θ̇ = J+
g te, where J

+
g is the pseudoinverse of Jg,

assuming the DOF of the arms allows the desired Cartesian velocity to be attained, i.e., n ≥ m and

rank[Jg] = rank[Jg te]. It may be noted that for rank[Jg] = n = m, J+
g = J−1g .

III. Motion Planning for Reactionless Manipulation

Most of the path planning methods proposed in literature su�er from algorithmic singulari-

ties. Algorithmic singularities [12] are di�erent from dynamic singularities associated with space

robots and occur when the end- e�ector's motion con�icts with constraints for reactionless manipu-

lation. These singularities are di�cult to predict. Apart from this, obstacles in the workspace may

necessitate algorithms that can �nd trajectories lying exclusively in the free space.
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In this work, we present a method which takes care of algorithmic singularities while allowing

us to specify the pose of the end-e�ectors, and to satisfy additional constraints such as collision

avoidance. For this, we �rst identify the �nal desired con�guration and velocity and use a planning

algorithm to connect it to the initial con�guration.

A. Desired Con�guration

Since the system starts from rest, we can use a simple position error based control law to bias

the planner while doing a reverse time simulation. First however, the �nal state corresponding to

the �nal end-e�ectors' pose and velocity needs to be found.

If the robot moves in a reactionless manner, the rotation of the base is always zero. So, the

kinematic equations of the space robot under study are an exclusive function of the joint angles, θ,

and the position of a point on the base, say, its COM, c0 . Since no external force or torque acts

on the system, the centre of mass of the entire system remains �xed irrespective of the maneuver

executed. A valid solution must keep the COM �xed and attain the desired end-e�ector position

and orientation. Since the COM is �xed, the base will have a unique position if the joint angles are

�xed. These equations can be written asf (c0 , θ)
h(c0 ,θ)

 =

 ae

ccom

 (4)

where f (c0 , θ) represents the kinematic equations, h(c0 ,θ) represents the centre of mass equations,

ae contains the position and orientation of the end-e�ectors and ccom is the constant vector cor-

responding to the COM of the system. Not all solutions are guaranteed to be reachable from the

initial con�guration. However, since the trajectory planning uses a sampling method that is proba-

bilistically complete, it ensures that if a path exists, it can be found. The method proceeds under

the assumption that the selected solution is attainable from the initial state, which is generally

true when the manipulator has a high degree of redundancy. Once the initial and �nal states are

found in joint space, they need to be connected. Since the planning is done in joint space, Jacobian

singularities do not arise.
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B. Control Input Using Optimization

The planning stage must ensure that only reactionless maneuvers are executed. For this, the

selected control input should result in velocities that lie within the null space of the modi�ed coupling

inertia matrix in (2). It is clear that for the existence of this null space, the manipulator must be

redundant. For any given con�guration, a linear combination of the basis vectors that span this

null space will result in joint velocities that ensure zero base rotation.

θ̇ = α1v1 + α2v2 + ...+ αuvu . (5)

Here, αi are scalars, vi ∈ Rn×1 are vectors that span the null space and are a function of the

joint angles. u is the dimension of the null space. In matrix form, we can express this equation as

θ̇ = Vα, (6)

where V ∈ Rn×u is the matrix containing the basis vectors vi 's and α ∈ Ru×1 is the vector con-

taining the control inputs αi's.

The actual joint velocities are chosen to minimize the square of the norm of the di�erence

between the current and required velocity vectors.

min ||Vα− θ̇req||2 (7)

Equation (7) reduces the determination of the control input α to an optimization problem. By

integrating these velocities over time t, we can evolve the state of the system. In (7), θ̇req is the

required velocity at a point of time, and is obtained as

θ̇req = −λ(θcurrent − θdesired), (8)

where λ is a constant which controls the rate of convergence, and θcurrent is the set of current joint

angles. For a chosen desired con�guration, θdesired is a constant. θ̇current (distinct from θ̇req) is

equal to Vα obtained from (7). The use of (7)-(8) as a control law allows the system to reach the

desired state with zero terminal velocities when the desired joint trajectory is tracked.

In the optimization problem, it is possible to impose constraints such as limits on acceleration

and higher order derivatives of the velocity. In general, by constraining the (k+ 2)th derivative, we
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can ensure that the (k+1)th derivative is continuous and the kth derivative is both di�erentiable and

continuous. In the simulations presented in this work, a decision was taken to keep the acceleration

continuous and the velocity both continuous and di�erentiable by imposing a limit on the jerk. An

additional constraint on acceleration was imposed keeping physical limitations of the actuators in

mind. These constraints are expressed as

|θ′′|ti = |
θ̇(ti)− θ̇(ti−1)

ti − ti−1
| ≤ θ̈max, (9)

|θ′′′|ti = |
θ̇(ti)− 2θ̇(ti−1) + θ̇(ti−2)

(ti − ti−1)2
| ≤

...
θmax, (10)

where θ̇(ti) = Vα. In (9) and (10), θ̈max and
...
θmax are the maximum allowed angular acceleration

and jerk of the joints respectively.

Algorithm 1 Initial Trajectory Planning Algorithm

1: procedure Trajectory Planning

2: Tree← �nal_State

3: count← 1

4: k ← bias

5: while Tree.latest_node_state 6= desired_state do

6: if modulo(count,k)=0 then

7: θrand ← desired_Con�guration

8: else

9: θrand ← random_Con�guration

10: [θnear, θ̇near]←nearest_State(θrand)

11: θ̇req ← compute_Required(θrand, θnear)

12: V α←optimize_Algorithm(θnear, θ̇near, θ̇req)

13: θnew ←new_State(θnear, V α, δt)

14: check = check_No_Collisions(θnew)

15: if check then

16: Tree.add_Vertex←.add_vertex (θnew)

17: Tree.add_edge←(θnear, θnew, V α)

18: count← count+ 1
return Tree

7



C. Trajectory Planning Algorithm

Sampling based approaches such as Rapidly Exploring Random Trees (RRT) [18] have proved

to be very e�ective in �nding a trajectory between two desired states, especially when the motion

is highly constrained or obstacles are present in the workspace. RRT is probabilistically complete,

it ensures that if a path exists, it can be found.

Path planning in the RRT method consists of a tree that grows from the start node, exploring

the con�guration space, until a branch reaches the goal node. Creation of a new node (corresponding

to a state) consists of an extend operation performed by selecting a random target node within the

con�guration space, �nding the node on the tree closest to the target node and moving direction of

the target as far as possible. The RRT algorithm allows fast exploration and inclusion of motion-

related constraints. These constraints could be motion constraints of the system itself or obstacles in

the workspace. The growth of the tree can be in�uenced by biasing regions within the con�guration

space. For example, in goal biasing, the goal state is chosen as target instead of a random node in

the extend operation. This helps in guiding the search towards biased regions.

Compared to optimal control strategies which often require several hours of computation time,

such sampling based planners can �nd a solution more quickly. For instance, the results shown

in Fig. 3 were obtained in 81.84 s using MATLAB on i5-3317U CPU. Despite the reduction in

computation time, trajectories were not computed in real time except in the simplest of cases due

to the highly restricted range of motions. However, considerable improvement in run time can be

obtained using C++. Additionally, the method assumes that there exists a path which satis�es all

constraints. Determining if a path, that satis�es all constraints, exists remains an open problem.

Here, we show how an RRT algorithm can be implemented using the control input and the

optimization problem presented in the previous subsection. By using (7) for control based sampling,

we evolve a tree that consists of reactionless paths. Since we use reverse time simulations, we �rst

choose the �nal state of the system to be the starting node. Next, θdesired in (8) is replaced with

θrand, which is chosen randomly. Adding a bias to the desired initial con�guration can reduce

the time taken to �nd a trajectory. Since our system starts from rest and (8), which gives us the

required velocity, has a tendency to drive a system to a given θdesired with zero terminal velocity,
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we can leverage this to e�ectively add a bias by a combination of using reverse time simulations

and setting θdesired to the initial con�guration. In simple cases, we can often use a hundred percent

bias to the initial con�guration in the sampling based path planning algorithm for obtaining quick

results. Then we �nd the node from which the state is to be evolved by using a suitable metric.

The determination of an ideal metric is not a simple problem, but the Euclidean distance between

con�gurations seems to su�ce for our purpose. The node with the minimal Euclidean distance to

the desired con�guration is then selected for evolving the state. Equation (7) is used to generate

reactionless velocities subject to the constraints in (9) and (10) to evolve the state over a small

time interval by integration. If no obstacles are encountered, the new node is added to the tree.

The process is repeated till the state is close enough to the desired initial state. When the number

of task constraints is high, variants of this algorithm such as LQR-RRT* [22] may be used for

faster convergence to a solution. The methodology for planning an initial trajectory with obstacle

avoidance using the basic RRT formulation is summarized in Algorithm 1.

The proposed methodology is easy to implement and bypasses singularities as well as obstacles.

However, conventionally, RRT or other similar sampling based approaches are not designed to

perform planning based on time considerations. In the next section, we describe the concept of non-

linear time scaling, which changes the temporal speci�cation of the trajectory obtained through

RRT, to accomplish the objective of reaching the �nal state at a desired instant of time and thus

ensure successful capture.

IV. Time Scaling

Time scaling involves changing the current time scale, t to a new time scale, τ in the trajectory

de�nition, x(t) = [x(t) y(t)]T . These transformations do not change the geometric path followed by

the joints of the robot, but change the pro�le of the velocity and its derivatives so the time required

for traversing the path changes. Once an initial trajectory connecting the initial and �nal states is

found as a parametric function θ(t), we can transform it to a function in variable τ , which is the

actual time taken after scaling using the equation

dt

dτ
= g(.). (11)
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This transformation allows us to express θ(τ) and its derivatives in terms of t.

θ̇(τ) = θ′(t)
dt

dτ
. (12)

A. Scaling Functions

The simplest scaling function is a scalar constant, proposed by Hollerbach [23]. However, it induces

a discontinuity between the scaled and un-scaled velocities at the boundary points. Consequently,

other scaling functions have been proposed to overcome this issue. Some choices for the scaling

function include the B-Spline [24][25] and exponential functions [20]. All these functions must ensure

that the scaling value is always positive since time needs to be a positive, monotonically increasing

function (i.e dt
dτ > 0). For B-spline functions, which are not naturally monotonic, extra conditions

have to be enforced on its control points to ensure positive de�niteness. Exponential functions do

not require this additional condition which makes them well suited for certain problems such as

minimization of time required to traverse a path. However, neither of these functions is suitable

when the geometric path has to be traversed in a speci�ed interval of time. The exponential scaling

function makes it di�cult to �nd the constants that result in a desired �nal time, especially when

the trajectory is divided into subintervals.The scaling function given in (13) on the other hand,

produces a quadratic equation upon integration, which is easy to solve for a desired scaled time τ

even with multiple subintervals.

dt

dτ
=

1

at+ b
, (13)

where a and b are the constants to be solved for. Upon integration, the equation yields

τ =
a

2
t2 + bt+ c, (14)

B. Scaling Subintervals

To gain more �exibility in scaling, we can divide the initial trajectory into subintervals. Note

however, that this can make the velocity non di�erentiable at the boundary points, although within

each subinterval the di�erentiablility introduced by constraining jerk is retained. The trajectory
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Fig. 1: A Time Scaling Function

found is divided into (k − 1) subintervals by k points, and the scaling function is determined for

each subinterval. For the rth subinterval, the scaling function is given by

dt

dτ
=

1

art+ br
. (15)

The scaling function dt
dτ is expressed as a piecewise function of the form (15). The interval

[t1, tf ] is divided into (k − 1) subintervals by the points t1, t2, t3....tk, where tk = tf . Fig. 1 shows

an example of such a scaling function. As depicted, the piecewise scaling function is continuous,

but not di�erentiable.

To meet our velocity requirements at the end points, the boundary value of the scaling variable

dt
dτ at the beginning of the �rst subinterval should be s1 and its value at the end of the last subin-

terval should be s2. If it is necessary to keep either initial or �nal velocity unchanged, we set the

corresponding scaling value to one. The value must also be positive at all the boundary points. In

order to ensure continuity between adjacent intervals, the value at the end of any subinterval should

be equal to the value at the beginning of the next. These requirements are formulated as

dt

dτ
(t1) = s1 ⇒

1

a1t1 + b1
= s1 > 0,

dt

dτ
(tf ) = s2 ⇒

1

af−1tf + bf−1
= s2 > 0,

1

ar−1tr + br−1
=

1

artr + br
> 0,∀r ∈ [2, k − 1].

Since the scaling function selected is positive at both the boundary points of any subinterval, it is

either monotonically increasing or monotonically decreasing throughout the subinterval. This gives

us the �exibility to put restrictions on the maximum value of the joint velocity by choosing local

maxima of velocity as boundary points and constraining the maximum scaling value at these points

if necessary. However, the same cannot be guaranteed for the accelerations. Hence, it becomes

11



necessary to check scaled acceleration values at points within a subinterval with a suitable time

resolution. The accelerations are given by

|θ̈(τ)| ≤ θ̈max ⇒ |θ̈(t)
(
dt

dτ

)2

+ θ̇(t)
d2t

dτ2
| ≤ θ̈max. (16)

Using equation (15), it is easy to verify that equation (16) in the rth subinterval can be expressed

as

|θ̈(t)
(

1

art+ br

)2

− θ̇(t) ar
(art+ br)2

| ≤ θ̈max. (17)

The total time taken to traverse the path is given by

T =

k−1∑
i=1

ai
2
(ti+1 − ti)2 + bi(ti+1 − ti). (18)

This must be imposed as an additional constraint to traverse the path in time T .

In order to �nd the constants of the piecewise scaling function, we can either use iterative

methods to solve a set of equality and inequality constraints, or formulate our requirements as a

feasibility program as shown in (19). This allows us to use nonlinear optimization algorithms to �nd

solutions that satisfy all constraints. However, since there is no function that needs to be optimized,

the objective function can be chosen to be any arbitrary constant.

min 0

s.t. T −
k−1∑
i=1

ai
2
(ti+1 − ti)2 + bi(ti+1 − ti) = 0,

1

artr+1 + br
− 1

ar+1tr+1 + br+1
= 0,

dt

dτ
(t1) = s1,

dt

dτ
(tf ) = s2,

|θ(t)
(

1

art+ br

)2

− θ̇(t) ar
(art+ br)2

| ≤ θ̈max,

1

artr+1 + br
> 0.

(19)

V. Results and Discussion

The proposed methodology described in this work was tested through simulations of a dual-arm

space robot shown in Fig. 2. Each arm is comprised of three rigid links making each arm a 3-DOF

12



Fig. 2: Dual-arm Planar Space Robot

system. The COM of the base lies at (0m, 0m) at the start of each simulation and corresponds to

the geometric centre of the base. The results were tested for both planar and spatial cases. Given

an initial con�guration, the �nal state was computed and then the path was planned as described

in section III. In each case, the maximum joint position error for termination of the algorithm is

about two degrees.

A. Path Planning for Planar Robot

The path planning algorithm was tested for desired goal positions and velocities. A small, ran-

domly selected non-zero end-e�ector velocity was required to be achieved at the instant of capture.

For this simple case, a hundred percent bias in the RRT algorithm was able to provide a solution

in 81.84s. Fig. 3 (a) depicts the initial and �nal con�gurations along with the path taken by the

end-e�ectors. The displacement of the base as the robot achieves the �nal con�guration can also be

seen. The required initial and �nal angular values are speci�ed in Table 1. The low angular veloci-

ties of the order 10−4 rad s−1 in Fig. 3(b) show that the motion is reactionless, demonstrating the

e�cacy of the proposed methodology. However, these angular velocities are larger than numerical

roundo� errors since the sampling based method maintained a constant reactionless velocity over a

�xed time period even though integration was done using a variable time step solver. Fig. 3 (a) also

shows that there is no noticeable rotation of the base. Fig. 4 shows the velocities and accelerations

of the joints. It is evident from Figs. 4 (b) and (d) that the acceleration values are within the

imposed limit of 1 rad/s2.
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Table 1: Desired Initial and Final Joint Angles (rad) and Velocities (rad/s)

Joint 1 Joint 2 Joint 3 Joint 4 Joint 5 Joint 6

Initial Position 2.3562 -1.5708 -1.5708 -2.3562 1.5708 1.5708

Final Position 0.7854 -0.7854 0.5236 -0.7854 1.0472 0.5236

Final V elocities -0.0264 0.0085 0.0203 0.0181 -0.0064 -0.0152
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Fig. 3: System Con�gurations and Base Velocities: (a) Initial Con�guration (dashed lines), Final

Con�guration (solid lines), end-e�ector paths (solid black line) (b) Base Angular Velocities

B. Path Planning with Obstacle Avoidance for Planar Robot

Here we present results when obstacles are present in the workspace. Reactionless maneuvering

in itself reduces the allowable motion, and the further addition of obstacles makes the motion highly
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Fig. 4: Joint Motions: (a) Angular velocities of joints 1-3 (b) Angular accelerations of joints 1-3

(c) Angular velocities of joints 4-6 (d) Angular accelerations of joints 4-6
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Fig. 6: Joint Motions: (a) Angular velocities of joints 1-3 (b) Angular Accelerations of joints 1-3

(c) Angular velocities of joints 4-6 (d) Angular Accelerations of joints 4-6

constrained. Sampling based methods are very e�ective for such cases as demonstrated by the results

obtained. The time taken to compute this path was 391.46 s.

Fig. 5 (a) shows the motion when an obstacle is present. Fig. 5 (b) shows that the rate of

rotation of the base is negligible, thus verifying that the robot executes a reactionless maneuver.

Fig. 6 shows that the limits on accelerations are also satis�ed while executing maneuvers to reach

the target while avoiding the obstacle.
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C. Path Planning for Spatial Robot

Next, the algorithm was tested for a spatial dual-arm robot with the same number of arms and

links as in the planar case, but with the three links on an arm rotating about mutually perpendicular

axes. In the spatial case, rotation about three axes needs to be controlled and therefore, the motion

has a greater number of constraints than the planar case, thus reducing the degree of redundancy

as well. In fact, using methods such as coordinate partitioning, it would not be possible to specify

the end-e�ector positions for both arms for this system due to the number of dependent variables

required.

Fig. 7 shows the initial and �nal con�gurations of the spatial robot for the tested case. The red

stars mark the centre of mass of each link. Fig. 8 shows that the base reactions are negligible.

D. Time Scaling

For capture of a tumbling object, the path has to be traversed in a �xed time, which necessitates

time scaling. It can be seen from the graphs of accelerations in Figs. 4 and 6 that the values are

well below the limit towards the beginning. This indicates that the velocities could probably be

scaled up at least in this region to meet time requirements.
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Fig. 10: Original and Scaled (a) angular velocities and (b) angular accelerataions of arm 1

Fig. 9 shows the piecewise scaling function used to scale the path shown in Fig. 3. In Fig. 3,

the time taken to traverse the path was 4.62 s. Time scaling was used to traverse the same path in

4 s and 6 s as shown in Fig. 9. While we can postpone the execution of motion instead of scaling it

down, if necessary, scaling can be useful in avoiding dynamic obstacles [20]. Fig. 10 corresponds to

the scaling function in Fig. 9 (a). The scaled value and unscaled angular velocity and acceleration

for the joints of the one of the arms of the robot are shown in Fig. 10, demonstrating the e�cacy

of the proposed methodology.

VI. Conclusions

The method proposed in this paper allows a space robot to autonomously reach a desired state

at the desired instant while ensuring zero base rotation. Faster convergence in the RRT algorithm
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is obtained through a simple strategy for biasing in reverse time simulations. The results obtained

demonstrate how these objectives are achieved while satisfying additional constraints such as limits

on acceleration and obstacle avoidance. The path planning framework is generic and can be applied

to any system with nonholonomic constraints where the system is initially at rest and the �nal

state can be found. The use of nonlinear time scaling to traverse a path in speci�ed time was

demonstrated and can be readily applied to alter the traversal time for any given path planning

problem. It can also be used to check a given path for time optimality by simply checking if it can

be scaled up with the imposed system constraints.
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